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We discuss the internal structure of radially excited charmonium mesons based on the equal-
time and Coulomb gauge Bethe-Salpeter (BS) amplitudes, which are obtained in lattice QCD. Our
simulations are performed with a relativistic heavy-quark action for the charm quark on the (2+1)-
flavor PACS-CS gauge configurations at the lightest pion mass, Mpi = 156(7) MeV. The variational
method is applied to the study of the optimal charmonium operators for ground and first excited
states of S-wave charmonia. We successfully calculate the BS wave functions of ηc(2S) and ψ(2S)
states, as well as ηc(1S) and J/ψ states, and then estimate the root-mean-square radii of both the
1S and 2S charmonium states. We also examine whether a series of the BS wave functions from
the ground state to excited states can be described by a single set of the spin-independent and
spin-dependent interquark potentials with a unique quark mass. It is found that the quark kinetic
mass and both the central and the spin-spin charmonium potentials, determined from the 2S wave
functions, fairly agree with the ones from the 1S wave functions. This strongly supports the validity
of the potential description for the charmonium system—at least, below the open-charm threshold.
I. INTRODUCTION
The constituent quark description of the heavy quarko-
nium systems has been successful in aiding the qualita-
tive understanding of properties of the charmonium and
bottomonium states, especially below the thresholds for
decays to mesons with open heavy flavor [1–3]. The com-
plicated dynamics of quarks and gluons in QCD could be
described by the interquark potential within the frame-
work of nonrelativistic quantum mechanics due to the
heavy degrees of freedom whose energy scale is much
higher than the QCD scale (ΛQCD). Such nonrelativis-
tic potential (NRp) models share a common feature on
the interquark potential that incorporates two types of
underlying physics: the Coulombic potential, which dom-
inates in short range in accordance with the asymptotic
freedom of QCD, and a long-range potential responsible
for the quark confinement [1–3].
For the heavy quarkonium systems, the Cornell poten-
tial is often adopted, and its functional form is given by
V (r) = −A
r
+ σr + V0 , (1)
where A is the Coulombic coefficient, σ denotes the string
tension, and V0 is the constant term associated with a
self-energy contribution of the color sources [1]. If one-
gluon exchange is responsible for the Coulombic term,
the coefficient A is associated with the strong coupling
constant αs as A =
4
3αs.
Although the Cornell potential was not directly de-
rived from QCD, the functional form has been qualita-
tively justified by the static heavy quark potential ob-
tained from Wilson loops in lattice QCD [4]. There are
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slight differences in terms of the Cornell parameters (A,
σ) between the phenomenological potential used in the
NRp models and the Wilson-loop results. This is simply
because the resulting static potential from Wilson loops
is defined in the infinitely heavy quark limit [4].
The finite-mass correction should be somewhat taken
into account for the Wilson-loop results. Such correc-
tions to the static potential are classified in powers of
the inverse of both heavy quark mass mQ and quark
momentum mQv (relative quark velocity v) within the
modern approach of effective field theory called poten-
tial nonrelativistic QCD (pNRQCD) [5]. In line with the
framework of pNRQCD, the O(1/mQ) correction [6] and
the O(1/m2Q) spin-dependent corrections [7] to the static
potential have been computed in quenched QCD.
The charm quark mass region is far outside the va-
lidity region for the 1/mQ expansion [4]. Moreover, the
convergence behavior seems to be questionable even at
the bottom mass region. Indeed, a spin-spin poten-
tial determined at O(1/m2Q) from lattice QCD exhibits
a slightly “attractive” interaction for the case of spin-
triplet states [7]. It implies that a breakdown of the adi-
abatic approximation is not avoided even at the bottom
sector, since the leading-order contribution of the spin-
spin potential yields wrong mass ordering among hyper-
fine multiplets [8].
An interesting idea to define a two-body potential from
the equal-time Bethe-Salpeter (BS) amplitude was pro-
posed by Aoki, Hatsuda, and Ishii for studying the nu-
clear force in lattice QCD [9, 10]. Subsequently, Ikeda
and Iida applied the same idea to the quarkonium sys-
tem in order to compute the interquark potential with-
out the adiabatic approximation [11, 12]. These preced-
ing studies led us to propose a novel approach, where
both the quark kinetic mass and the interquark potential
are self-consistently determined within the BS amplitude
method, in order to obtain proper interquark potential at
finite quark mass using lattice QCD [13].
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2We have elaborated the new approach to determine re-
liable interquark potential from lattice QCD in our previ-
ous works [13–16]. In this work, we will discuss the inter-
nal structure of the radially excited charmonium mesons
as a further application of the BS amplitude method.
It is frequently asked whether a universal interquark
potential and a unique quark mass can be simultaneously
defined in a series of the BS amplitudes from the ground
state to excited states. This question is aimed at the va-
lidity of the potential description for the heavy quarko-
nium systems and also the reliability of the interquark
potential determined from the BS amplitudes. In an at-
tempt to settle these points, we will verify the validity of
the BS amplitude method through a direct comparison of
the charmonium potentials which are independently eval-
uated from the BS wave functions of either the ground or
first radially excited charmonium mesons in lattice QCD
simulations.
This paper is organized as follows: In Sec. II, we de-
scribe an implementation of the variational method [17,
18] in the calculation of the BS wave functions for both
the ground and radially excited states. Subsequently, we
give a brief review of two methods for determination of
the interquark potential including the quark kinetic mass
from the resulting BS wave functions. Section III gives
the numerical details in calculating the BS wave func-
tions of both the ground (1S) and first radially excited
(2S) states for the S-wave charmonia. In Sec. III, we
also discuss the validity of the potential description for
the charmonium system through a direct comparison be-
tween the interquark potentials that are independently
determined by both the 1S and 2S charmonium states.
Finally, we close with a brief summary and our conclu-
sions in Sec. IV.
II. FORMALISM
A. BS wave functions determined through the
variational method
The equal-time BS amplitude for the nth meson is de-
fined by
φn(r) = 〈0|OQQ¯(r)|n〉 (2)
with r-dependent quark-antiquark operator OQQ¯(r),
where r is the relative coordinate between a quark (Q)
and antiquark (Q¯) at a certain time slice. Although
OQQ¯(r) can be defined in a gauge-invariant way, we
hereafter consider the Coulomb gauge BS amplitude. In
the Coulomb gauge, the operator is simply given by
OQQ¯(r) =
∑
x Q¯(x)ΓQ(x + r), where Γ represents the
Dirac γ metrics. The r-dependent amplitude, φn(r), in
the rest frame is called the BS wave function. Therefore,
the BS wave function for the nth meson in the rest frame
can be determined from the r-dependent two-point cor-
relation function constructed with a usual quark bilinear
operator Oα and the r-dependent one:
Cα(r, t) = 〈0|OQQ¯(r, t)O†α(0)|0〉
=
∑
n
〈0|OQQ¯(r)|n〉〈n|O†α|0〉e−tMn
=
∑
n
φn(r)V
∗
n,αe
−tMn , (3)
where Mn is the rest mass of the nth meson, and the r-
dependent amplitude φn(r) corresponds to its BS wave
function. The spectral amplitude Vn,α defined by Vn,α =
〈0|Oα|n〉 is introduced in the third line of Eq. (3). The
correlation function Cα(r, t) clearly contains a superposi-
tion of orthogonal states. The ground-state contribution
is indeed isolated from those of the excited states in the
large-t region.
Although we only focused on the BS wave function of
the ground state in the previous works [13–16], we here
intend to obtain the BS wave function of the radially
excited states. For this purpose, we adopt the variational
method [17, 18] to find an optimal meson operator Ooptn ,
which solely couples to a specific (nth) state in Eq. (3),
since 〈0|Ooptn |m〉 ∝ δn,m.
Starting with a set of basis meson operators Oα (α =
1, ..., N), we consider an N ×N correlation matrix
Gαβ(t, 0) = 〈0|Oα(t)O†β(0)|0〉, (4)
whose spectral decomposition is given by
Gαβ(t, 0) =
∑
n
Vn,αV
∗
n,βe
−tMn (5)
with the spectral amplitude Vn,α. Next, let us solve the
generalized eigenvalue problem,
Gαβ(t)ωn,β = λn(t, t0)Gαβ(t0)ωn,β , (6)
to obtain the nth eigenvalue λn(t, t0), where t0 is a refer-
ence time slice, and its eigenvector is ωn,β . If only the N
lowest states are propagating in the region where t ≥ t0,
the nth eigenvalue λn(t, t0) is given by a single exponen-
tial form, with the rest mass of the nth meson as
λn(t, t0) = e
−(t−t0)Mn , (7)
which corresponds to the eigenvalue of the transfer ma-
trix between two time slices t and t0. Details of how
to practically compute the eigenvalues λn(t, t0) are de-
scribed in Appendix B of Ref. [19].
Simultaneously, one can obtain its N -dimensional
eigenvector ωn,α, which should be orthogonal to the spec-
tral weight
∑
α ωn,αV
∗
m,α = e
Mnt0/2δn,m [19, 20]. There-
fore, the optimal operator can be constructed by an ap-
propriate linear combination of the basis meson operators
Oα with the eigenvector ωn,α:
Ooptn =
N∑
α=1
ω∗n,αOα . (8)
3The N types of the meson operator with fixed quan-
tum number are, for instance, given by the quark bilinear
operators composed of spatially smeared quarks with N
different smearing radii. Subsequently, one can obtain
the BS wave function of the nth meson state by using
N types of r-dependent two-point correlation functions
constructed with the nth eigenvalue λn and eigenvector
ωn,α of Eq. (6) as below
φn(r) = e
Mn(t−t0/2)
N∑
α=1
ω∗n,αCα(r, t) . (9)
A similar procedure has been recently applied for a study
of the inner structure of glueball states [21].
B. Quark kinetic mass and interquark potential
from BS amplitudes
In the past several years, we have demonstrated that
the interquark potential and the quark kinetic mass, both
of which are key ingredients within the potential descrip-
tion of heavy-heavy and heavy-light mesons, are suc-
cessfully determined from the BS wave functions of the
ground state of S-wave charmonium and charm-strange
mesons [14–16]. A natural question arises: if we sim-
ply apply our proposed method on not only the ground
state, but also its excited states, what result comes out,
especially from the BS wave function of radially excited
states?
In this paper, we thus focus on the radially excited
states of the S-wave meson states. The Dirac γ ma-
trices (Γ) that appear in both operators OQQ¯(r) and
Oα are chosen to be γ5 for the pseudoscalar (PS) meson
(JP = 0−), and γi for the vector (V) meson (JP = 1−).
Recall that the spatial symmetry group on a lattice is re-
duced to the octahedral point group Oh. To take this into
account, the r-dependent BS wave function φn(r) calcu-
lated by Eq. (9) is supposed to be projected in the A+1
representation, φn(r) → φn(A+1 ; r), for S-wave mesons.
Details of the A+1 projection are described in Ref. [15].
Hereafter, the A+1 projected BS wave functions of nS
states for the PS and V channels are denoted by φnSPS(r)
and φnSV (r).
In our preceding studies, the quark kinetic mass mQ
has been read off from the long-distance asymptotic value
of the difference of “quantum kinetic energies” (the sec-
ond spatial derivative of the BS wave function normalized
by the BS wave function) between the spin-singlet (PS)
and spin-triplet (V) states in the hyperfine multiplet for
the 1S states [13–16]. We here generalize this idea to nS
states. The quark kinetic mass can be determined from
a set of the nS wave functions in the following way [13]:
mQ(nS) = lim
r→∞
−1
Ehyp(nS)
{∇2φnSV (r)
φnSV (r)
− ∇
2φnSPS(r)
φnSPS(r)
}
(10)
with the hyperfine splitting energy of the nS states,
Ehyp(nS) = MV(nS)−MPS(nS). The derivative∇2 that
appears in Eq. (10) is defined by the discrete Laplacian
on the lattice. As shown in Ref. [15], a suitable choice
of the discrete Laplacian is defined in the discrete polar
coordinates in order to reduce the discretization artifacts
on the short-range behavior of the interquark potential.
The interquark potential for S-wave states can be de-
composed into the central (spin-independent) potential
VC(r) and the spin-spin potential VS(r), which are de-
fined by the BS wave functions of nS states, φnSPS(r) and
φnSV (r), as below:
V nSC (r) = Eave(nS)
+
1
mQ(nS)
{
3
4
∇2φnSV (r)
φnSV (r)
+
1
4
∇2φnSPS(r)
φnSPS(r)
}
(11)
and
V nSS (r) = Ehyp(nS)
+
1
mQ(nS)
{∇2φnSV (r)
φnSV (r)
− ∇
2φnSPS(r)
φnSPS(r)
}
,(12)
where Eave(nS) = Mave(nS) − 2mQ(nS). The mass
Mave(nS) denotes the spin-averaged mass for the nS
states as 34MV(nS) +
1
4MPS(nS).
C. “Time-dependent” method for the interquark
potential
A basic idea of Eqs. (11) and (12) follows the method
developed by the HAL QCD Collaboration to derive
hadron-hadron interactions from lattice QCD [9, 10].
The original method advocated by the HAL QCD Collab-
oration starts from the fact that the equal-time BS wave
function satisfies the “stationary” Schro¨dinger equation
with a nonlocal and energy-independent potential below
the inelastic threshold [10]. We simply apply this method
to the quark-antiquark (QQ¯) system [35]. Strictly speak-
ing, no explicit energy dependence of the nonlocal po-
tential in a finite box was proved only for the case
of the short-range interaction [10]. In this sense, the
QQ¯ system, where confining quark interaction is long
ranged, does not guarantee the existence of an energy-
independent nonlocal potential even below open heavy-
flavor thresholds.
Thus, assuming the existence of an energy-independent
nonlocal potential in the QQ¯ system [36], let us consider
the following “time-independent” Schro¨dinger equation
for the BS wave function φΓ in the nonrelativistic ap-
proximation:{
EΓ +
∇2
mQ
}
φΓ(r) =
∫
dr′U(r, r′)φΓ(r′), (13)
where EΓ = MΓ − 2mQ. As discussed in Refs [13, 14],
for the S-wave meson states, the local potentials VPS(r)
and VV(r) defined at the leading order of the velocity ex-
pansion, U(r, r′) =
{
VPS(V)(r) +O(v2)
}
δ2(r − r′) with
4v = |∇/mQ|, are given by
VPS(V)(r) = EPS(V) +
1
mQ
∇2φPS(V)(r)
φPS(V)(r)
. (14)
The interquark potential VPS(V)(r) can be written by
VPS(V)(r) = VC(r)+(SQ ·SQ¯)VS(r), where the spin oper-
ator SQ ·SQ¯ may be replaced by an expectation value of
−3/4 (1/4) for the PS(V) state. Then, VC(r) and VS(r)
are separately obtained, as shown in Eqs. (11) and (12).
In our preceding works [13–16], the central and spin-
spin interquark potentials are successfully extracted from
the 1S meson states by using this method. We then use
resulting potentials and quark masses as purely theoret-
ical inputs so as to solve the nonrelativistic Schro¨dinger
equation for calculating accessible energy levels of char-
monium and charmed-strange mesons without unknown
parameters. The resultant spectra below the DD¯ and
DK thresholds excellently agree with well-established ex-
perimental data [16].
Starting with no explicit energy dependence on the
nonlocal potential, the HAL QCD Collaboration has
proposed an alternative method to derive the hadron-
hadron interactions by a so-called “time-dependent”
Schro¨dinger-like equation [23], instead of Eq. (13). Here,
we also may apply the new method to our QQ¯ system of
interest. For this purpose, let us introduce the following
correlation function:
RΓ(r, t) = CΓ(r, t)/(e
−mQt)2, (15)
where mQ denotes the quark kinetic mass that should be
determined in advance, as described in Eq. (10).
Considering the time derivative, ∂∂tRΓ(r, t), with the
help of the spectral decomposition of the original r-
dependent correlation function CΓ(r, t), we then arrive
at the time-dependent Schro¨dinger-like equation for the
QQ¯ system [23] as well:
{
1
4mQ
∂2
∂t2
− ∂
∂t
+
∇2
mQ
}
RPS(V)(r, t) =
∫
dr′U(r, r′)RPS(V)(r′, t), (16)
where the first term on the left-hand side is responsible
for the fully relativistic treatment for the kinetic term.
For the S-wave mesons, the A+1 projection is supposed to
be applied to the correlation functions defined above as
RPS(V)(r, t) → RPS(V)(A+1 ; r, t). Starting from Eq. (16)
with the same approximation on the nonlocal poten-
tial U(r, r′), we thus obtain the alternative formula of
VPS(V)(r) as follows:
VPS(V)(r) =
1
mQ
∇2RPS(V)(r, t)
RPS(V)(r, t)
− (∂/∂t)RPS(V)(r, t)
RPS(V)(r, t)
+
1
4mQ
(∂/∂t)2RPS(V)(r, t)
RPS(V)(r, t)
. (17)
We hereafter will omit the second derivative term of t in
the analysis, treating it on the same footing as was done
in Eq. (13). Details of this relativistic correction will be
discussed in a separate publication [24].
The most important feature of the time-dependent ap-
proach is that “single-state dominance” is not necessarily
achieved in the given correlation function RΓ(r, t) [23].
Therefore, it enables us to use the data of RΓ(r, t) in the
earlier time range, within the condition that the inelastic
contribution is negligible in the entire t region analyzed.
This advantage may lead to small statistical and system-
atic uncertainties on the final result.
There is one caveat: the new method for the QQ¯ sys-
tem highly assumes that a series of the BS wave func-
tions from the ground state to excited states is generated
by the same “nonlocal” potential. In this work, we will
later verify the validity of this method in the QQ¯ system
through a direct comparison of the interquark potentials
defined in Eqs. (11) and (12), which are independently
determined from the BS wave functions of both the 1S
and 2S charmonium states.
III. NUMERICAL RESULTS
The computation of the BS wave functions for the char-
monium system is carried out on a lattice, N3s × Nt =
323× 64 using the (2+1)-flavor PACS-CS gauge configu-
rations, where the simulated pion mass is closest to the
physical point as mpi = 156(7) MeV [25]. Simulation
parameters of PACS-CS gauge configurations are sum-
marized in Table I. Our results are analyzed on all 198
gauge configurations, which are available through Inter-
national Lattice Data Grid and the Japan Lattice Data
Grid [37].
For the charm quark, we employ the relativistic heavy
quark (RHQ) action that removes the main discretization
errors induced by large charm quark mass. The RHQ
action, which is a variant of the Fermilab approach [26],
is the anisotropic version of the O(a) improved Wilson
action with five parameters κc, ν, rs, cB , and cE , called
RHQ parameters (for more details, see Refs. [27, 28] ).
The parameters rs, cB , and cE in the RHQ action are
determined by tadpole improved one-loop perturbation
theory [28] with a reference of the O(a) improvement
coefficient, cSW = 1.715 for light quarks [25]. As for
5TABLE I: Parameters of (2+1)-flavor dynamical QCD gauge field configurations generated by the PACS-CS Collaboration [25].
The columns list the number of flavors, the lattice volume, the β value, hopping parameters for light and strange quarks,
approximate lattice spacing (lattice cutoff), spatial physical volume, pion mass, and the number of configurations to be analyzed.
Nf N
3
s ×Nt β κud κs a [fm] (a−1 [GeV]) Nsa [fm] Mpi [MeV] No. of configrations
2 + 1 323 × 64 1.9 0.13781 0.13640 0.0907(13) (≈ 2.18) 2.90(4) ≈156 198
ν, we use a nonperturbatively determined value, which
is tuned by reproducing the effective speed of light as
unity in the dispersion relation for the spin-averaged 1S-
charmonium state, since the parameter ν is sensitive to
the size of hyperfine splitting energy [29]. Our chosen
RHQ parameters are summarized in Table II.
When the quark propagator is computed, Dirichlet
boundary conditions are imposed for the time direction
at t/a = 0 and 63 to eliminate unwanted contributions
across time boundaries. Source location is set at two dif-
ferent time slices, ts/a = 6 and 57, both of which are
the same distance away from two boundaries, so as to
avoid the temporal boundary effect. Averaging the re-
sults of calculations over multiple sources would help to
reduce the statistical uncertainties. Instead of changing
the places of the boundaries and source locations, a tem-
poral shift can be applied to the gauge configurations
{Uµ(x, t)} → {Uµ(x, t + tshift)} due to the temporal pe-
riodicity of the lattice.
We use gauge-covariant, approximately Gaussian-
shaped smearing [30, 31] for constructing the spatially
smeared operator Oα(x) = Q¯α(x)ΓQα(x) with
Qα(x, t) =
(
1 +
W 2G
4NG
D2
)NG
Q(x, t), (18)
where D2 denotes the covariant lattice Laplacian, and
α labels a set of two parameters as α = {NG,WG} [32].
Here, NG is the number of times the smearing kernel acts
on the quark fields, whileWG is the width of the Gaussian
that results in NG →∞. We adopt four parameter sets:
{NG,WG} = {10, 1.0}, {15, 2.0}, {20, 3.0}, and {30, 4.0},
so as to construct the 4 × 4 correlation matrix defined
in Eq. (4) and also four types of r-dependent two-point
correlation function, defined in Eq. (3).
For a single-parameter set, we compute 32 valence
quark propagators per gauge configuration with eight dif-
ferent spatial centers of the Gaussian sources, which are
located at the corners of a 163 cube, on two different
time slices ts/a = 6 and 57, using two different tempo-
ral shifts tshift/a = 0 and 32, so as to increase statistics.
All 32 sets of usual and r-dependent two-point correla-
TABLE II: The hopping parameter κc and the RHQ param-
eters (ν, rs, cB , and cE) used for the charm quark.
κc ν rs cB cE
0.10819 1.2153 1.2131 2.0268 1.7911
tion functions are folded together to create the single-
correlation functions as a function of t′ defined in the
range 0 ≤ t′/a ≤ 57. Hereafter, t′ is simply denoted as t.
Let us first present the effective masses of the S-wave
charmonium (ηc and ψ) states in the variational method.
An effective mass is defined as
Mn,Γ(t) = log
λn,Γ(t, t0)
λn,Γ(t+ a, t0)
, (19)
where λn,Γ(t, t0) is the nth eigenvalue of the 4× 4 corre-
lation matrix for Γ = PS or V. In this study, we choose
the reference time slice as t0/a = 3, where the resulting
mass is less sensitive to variation of t0.
TABLE III: Masses of S-wave charmonium states calculated
from eigenvalues of the 4× 4 transfer matrix up to 3S states.
The fitting ranges and values of χ2/d.o.f. are also included.
For 1S and 2S charmonium states, the spin-averaged mass
(Mave) and hyperfine splitting energy (Ehyp) are also evalu-
ated. Results are given in units of GeV.
State JPC Fit range Mass [GeV] χ2/d.o.f.
ηc(1S) 0
−+ [33:47] 2.9850(5) 1.08
ηc(2S) 0
−+ [4:17] 3.729(15) 0.80
ηc(3S) 0
−+ [4:11] 4.553(34) 0.77
J/ψ 1−+ [33:47] 3.0986(14) 1.21
ψ(2S) 1−+ [4:17] 3.801(16) 1.05
ψ(3S) 1−+ [4:11] 4.679(34) 1.53
Mave(1S) · · · · · · 3.0702(11) · · ·
Mave(2S) · · · · · · 3.783(15) · · ·
Ehyp(1S) · · · · · · 0.1135(12) · · ·
Ehyp(2S) · · · · · · 0.0725(56) · · ·
Figure 1 shows the effective mass plots of the first three
eigenvalues λ1,Γ > λ2,Γ > λ3,Γ for the PS and V chan-
nels. Here, we remark that λn,PS(V) is associated with
the nS state. The variational method with the correla-
tion matrix constructed in our chosen basis successfully
separates the first excited (2S) state and the second ex-
cited (3S) state from the ground (1S) state.
The horizontal solid lines represent each fit result with
its 1 standard deviation obtained by a covariant single
exponential fit. In Table III, we summarize the results
of masses of the three lowest-lying S-wave charmonium
states together with fit ranges used in the fits and values
of χ2 per degrees of freedom (d.o.f.).
The fit results for 3S states are rather sensitive to the
choice of the fit range, since the signal of the 3S states
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FIG. 1: Effective mass plots for the ηc(nS) (left panel) and ψ(nS) (right panel) states. Charmonium states are specified in the
legend. Solid lines indicate fit results, and shaded bands display the fitting ranges and 1 standard deviation. The inset in each
panel shows a magnified view of the effective mass of the 2S state together with the P -wave DD threshold (dashed line).
dies out quickly; therefore, those values involved in Ta-
ble III are just listed for reference. The errors quoted
in all of the results represent only the statistical errors
given by the jackknife analysis.
For the 1S states, all results including Mave and Ehyp
obtained in the variational method are fully consistent
with our previous study, where the charm quark propaga-
tors were computed by the wall source with the Coulomb
gauge fixing [16]. It is worth recalling that the values of
κc and ν in the RHQ parameters are chosen to reproduce
both the experimental spin-averaged mass and hyperfine
splitting energy of 1S charmonium states. This is the
reason why our results of the 1S states are very close to
the experimental values.
On the other hand, the masses of the 2S states
correspond to the theoretical predictions from dynam-
ical lattice QCD. We obtain results of Mηc(2S) =
3.729(15)(21) GeV and Mψ(2S) = 3.801(16)(31) GeV.
The first errors are statistical, and the second errors are
systematic uncertainties due to variations of tmin in the
fit range [tmin/a : tmax/a].
Although those values are about 100 MeV higher than
the experimental values of M expηc(2S) = 3.639 GeV and
M expψ(2S) = 3.686 GeV, similarly higher values are reported
in Ref. [33]. In addition, the hyperfine splitting energy
of the 2S states is Mψ(2S) −Mηc(2S) = 73(6)(1) MeV,
of which the value is slightly larger than the experimen-
tal value of 47 MeV. Needless to say, the higher-lying
states might suffer much from the lattice artifacts— fi-
nite size and lattice discretization effects—compared to
their ground state [38].
Our results for the ηc(2S) and ψ(2S) masses are near
to and slightly above the experimental value of the DD¯
threshold energy (∼ 3.730 GeV). We, however, remark
that since the ηc and ψ mesons have negative parity, the
P -wave DD¯ threshold energy, which is defined as the to-
tal energy of the noninteracting DD¯ state with the small-
est nonzero momentum |pmin| = 2pi/(La), is appropriate
for comparison with the ηc(2S) and ψ(2S) masses [34].
In our calculation, the lowest open charm threshold is
3.813(8) GeV, which is determined with the measured
D-meson mass [MD = 1.858(4) GeV]. Our result for the
ψ(2S) mass is slightly below but close to the P -wave
DD¯ threshold, while the ηc(2S) mass is well below the
P -wave DD¯ threshold [39]. In this context, it would be
important to know how much the DD¯ mixing effect has
affected the spectroscopy of the 2S charmonium states.
Although more systematic study is thus necessary for
the spectroscopy of the radially excited states, it is be-
yond the scope of this paper. Rather, our main purpose
is practically to get the optimal charmonium operators
for both 1S and 2S states using the resulting eigenvectors
(ωn,Γ)α of the transfer matrix in the variational method.
As a result, the BS wave functions for 1S and 2S states
are obtained through Eq. (9) separately.
In Fig. 2, we show the reduced wave functions
un,Γ(r) = rφn,Γ(r) of both 1S and 2S charmonium states
for displaying the spatial distribution of the BS wave
function. The wave functions displayed in Fig. 2 are
normalized as
∑
r |φn,Γ(r)|2 = 1 [40]. We plot data
points taken along simpler r vectors, which are multi-
ples of three directions—(1,0,0), (1,1,0), and (1,1,1)— in
order to avoid large discretization errors induced by the
discrete Laplacian ∇2 [15] in later discussion.
Compared with the results of 1S states, the BS wave
functions of both ηc(2S) and ψ(2S) states exhibit a spe-
cific nodal structure in the radial direction, as we ex-
pected. Although at first glance the 2S wave functions
are slightly extended in space in comparison to the 1S
wave functions, the spacial lattice extent Nsa ≈ 2.9 fm
is likely to be large enough to study even the 2S char-
7monium system as well as the ground-state charmonium
states.
The wave function provides information about a spa-
tial size of the charmonium meson as the root-mean-
square (rms) radius rrms, which can be determined by
r2rms =
∑
r r
2|φn,Γ(r)|2∑
r |φn,Γ(r)|2
=
∫
drr2|un,Γ(r)|2∫
dr|un,Γ(r)|2 . (20)
We then obtain the smaller rms radii for 1S states as
(rrms)1S ∼ 0.38 fm, while 2S states yield comparatively
larger values as (rrms)2S ∼ 0.60 fm. Another important
aspect of the resulting rrms is that both the 1S and 2S
states satisfy the relation rrms,PS < rrms,V. This sim-
ply indicates the repulsive nature of spin-spin interaction
near the origin for the higher spin states. All results of
rrms are summarized in Table IV.
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FIG. 2: The reduced BS wave functions u(r) = rφ(r) for
the ηc(1S) (diamonds), J/ψ (triangles), ηc(2S) (circles), and
ψ(2S) (squares) states, shown as functions of the spatial dis-
tance r. They are normalized as
∑
r |φ(r)|2 = 1. The time
average was performed in the range of [tmin/a : tmax/a] =
[24 : 33] for the 1S states and [7:12] for the 2S states.
We also verify the orthonormality condition between
the resulting 1S and 2S wave functions through the fol-
lowing overlap (OVL) coefficient:
COVL =
∑
r φ
1S
Γ (r)φ
2S
Γ (r)√∑
r |φ1SΓ (r)|2
√∑
r |φ2SΓ (r)|2
. (21)
We then obtain |COVL| = 0.174(46)(3) for the PS chan-
nel and |COVL| = 0.101(52)(6) for the V channel. The
first error is statistical, and the second one is systematic
uncertainty due to the choice of the numerical integral
methods in r space. Nonzero values of |COVL| in both
the PS and V channels suggest that the 2S wave func-
tion may receive non-negligible contamination of the 1S
state from an unknown origin.
There is, however, a hint from Fig. 1. Around t/a = 8,
the signal of the 2S states in the effective mass plot be-
comes noisy, and the isolation of the 2S states is statisti-
cally insignificant due to the large uncertainties. Even if
the eigenvector for the 2S states, ω2S,α, is properly calcu-
lated in the variational method, contributions of the 2S
state in the correlation Cα(r, t) are exponentially sup-
pressed by its large mass M2S(> M1S) as a function of t.
Therefore, if we include the data points of the 2S wave
function determined at the larger t during the averaging
process over the time-slice range, the resulting 2S wave
function may receive a little component of the 1S wave
function that is caused by incomplete orthogonal factor-
ization within numerical precision and its enhancement
due to the relative suppression of the 2S-state contribu-
tion in the large-t region. Indeed, we observe that the
overlap coefficient gets away from zero as the value of
tmin increases in the time-averaged procedure.
The small but nonzero value of |COVL| may cause se-
rious systematic error in the early estimation of the rms
radii for 2S states. Taking into account such contamina-
tions in the resulting 2S wave functions, we perform the
Gram-Schmidt orthonormalization (GSO) so as to get an
exactly orthogonal wave function to the 1S state as
φ˜2SΓ (r) =
φ2SΓ (r)√∑
r |φ2SΓ (r)|2
− COVL × φ
1S
Γ (r)√∑
r |φ1SΓ (r)|2
.
(22)
We then recalculate the rms radii of the 2S states
with the above modified 2S wave function φ˜2SΓ (r) for
each channel. We obtain slightly larger values as
(rrms)2S,GSO ∼ 0.63 fm in comparison to the ones ob-
tained from the original 2S wave functions. The modified
results of rrms for 2S states are also included in Table IV.
In the following discussions, we do not use the modified
2S wave functions and keep the original ones for our later
analysis, since there is only a slight difference in their
profile shapes, which mainly appears at short distances,
between the 2S wave functions obtained before and after
the Gram-Schmidt orthonormalization.
TABLE IV: Summary of the rms radii of 1S and 2S charmo-
nium states, which are evaluated from the BS wave functions
on the lattice. Results are given in units of fm. “Raw” and
“GSO” stand for results obtained before and after the Gram-
Schmidt orthonormalization.
State ηc(1S) J/ψ ηc(2S) ψ(2S)
rrms [fm] (Raw) 0.3348(2) 0.3885(6) 0.563(14) 0.612(18)
rrms [fm] (GSO) · · · · · · 0.606(4) 0.636(7)
As described in Sec. II B, the BS wave function for
mesons can provide more profound information about the
internal structure of the quark-antiquark bound states.
We first discuss the quark kinetic mass, which can be
read off from the difference of “quantum kinetic ener-
gies” ∇2φΓ/φΓ between the members of hyperfine mul-
tiplets, as was shown in Eq. (10). The time average for
∇2φΓ/φΓ appearing in Eq. (10) was performed in the
8range of [tmin/a : tmax/a] = [24 : 33] for the 1S states
and [7:12] for the 2S states.
Figure 3 shows that asymptotic constants obtained
from the right-hand side of Eq. (10) for both 1S and 2S
states appear to be overlapped in the range of 0.6 fm .
r . 1.0 fm. A value of the kinetic mass of the charm
quark is determined by a constant fit over above the r-
range with χ2/d.o.f. < 2.
We then obtain mQ(1S) = 1.816(21) GeV from the
1S wave functions and mQ(2S) = 1.847(145) GeV from
the 2S wave functions. Both values are consistent with
each other, and also with our previous work as listed in
Table V. This indicates that within the current precision,
a unique result for the quark kinetic mass is likely given
regardless of the choice of either the ground- or excited-
state pairs. This observation is highly consistent with
the success of a potential description of the charmonium
system.
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FIG. 3: The determination of quark kinetic mass within the
BS amplitude method. Horizontal solid lines indicate a value
of quark kinetic mass obtained by fitting an asymptotic con-
stant obtained from either 1S or 2S states. Shaded bands
indicate the fitting range and a statistical error estimated by
the jackknife method.
We are now ready to consider the final question of
whether or not a series of the BS wave functions from the
ground state to excited states is generated by the same
“nonlocal” potential. To answer this question is meant
to justify the time-dependent BS amplitude method even
for the QQ¯ system.
In order to perform rigorous comparison, we will deter-
mine the central spin-independent part of the interquark
potential VC(r) from the BS wave functions of excited
states in a manner independent from those of ground
states. Indeed, the quark kinetic masses have been al-
ready evaluated for both 1S and 2S states. Therefore,
the central potential VC(r) and the quark mass mQ can
be self-consistently determined within a single set of r-
dependent two-point correlation functions for each nS
state, as shown in Eq. (11).
TABLE V: Summary of charm quark masses, which are deter-
mined from the BS amplitudes of both 1S and 2S charmonium
states. Their fit ranges [rmin/a : rmax/a] are summarized in
units of GeV.
Method Previous work [16] Variational method
Type of source Wall source Gauss-smeared sources
State 1S 1S 2S
mQ [GeV] 1.784(23) 1.816(21) 1.847(145)
Fit range [6 : 7
√
3] [4
√
3 : 8
√
2] [7 : 10]
Figure 4 shows two independent results of the central
potential VC(r) using the BS wave functions of either 1S
or 2S states. For clarity of the figure, the “threshold en-
ergy value” 2mQ, which is a part of the constant energy
shift (Eave = Mave − 2mQ), is not subtracted. The spin-
averaged masses, Mave(1S) and Mave(2S), have been ob-
tained by the variational method as described previously.
Thus, it should be emphasized that no adjustment con-
stant is added for comparison.
The gross features of the resulting central potential
V 2SC (r) from the 2S states are basically analogous to
those of the 1S states V 1SC (r). Although data points in
the intermediate (0.5 . r . 1.1 fm) and short-range
(r . 0.3 fm) parts of the V 2SC (r) agree well with a
shape of V 1SC (r), some discrepancy beyond the quoted
statistical errors appears in two specific regions: around
r = 0.4 fm and at long distances (r & 1.1 fm).
The origin of the former discrepancy can be attributed
to the presence of a node in the 2S wave function, which
is located at r ≈ 0.4 fm, as shown in Fig. 2. One should
be reminded that the potential defined in the BS ampli-
tude method is basically calculated by the second spatial
derivative of the BS wave function divided by the BS
wave function, ∇2φΓ/φΓ. Therefore, the potential can-
not be given only at nodes of the BS wave function.
In this sense, the statistical uncertainties may lead to
divergent behavior near the nodes. For the 2S wave func-
tions, the resulting potential is rendered positively (neg-
atively) divergent on the left (right) side of its singular-
ity. This accounts for a discontinuity behavior appearing
in V 2SC (r). Another consequence of the presence of the
nodes may enhance a chance of unwanted excited-state
contamination, since the strength of other state contribu-
tions in r-dependent two-point correlation functions may
exceed that of the target state at its nodes.
As for another discrepancy found at long distances, it
should be simply because of the larger statistical uncer-
tainties in the BS wave function of the higher-lying ex-
cited states. As shown in Fig. 2, the BS wave functions
of both 1S and 2S states are localized around the origin
and vanish at long distances. The signal-to-noise ratio
on the quantity of ∇2φΓ/φΓ becomes worse rapidly as
the spatial distance r increases because of the localized
9nature of the BS wave functions. This tends to cause
large systematic uncertainties at long distances, stem-
ming from the choice of time window for the averaging
process of ∇2φΓ/φΓ over the time-slice range (for de-
tails on the “time-average” procedure, see Ref. [15]). The
time average for∇2φΓ/φΓ was performed in the range of
[tmin/a : tmax/a] = [24 : 33] for the 1S states and [7:12]
for the 2S states.
Indeed, the string-breaking-like behavior of the char-
monium potentials found in our previous study [16] has,
as expected, gone away in V 1SC (r), whose statistical un-
certainties at long distances are much under control in
this study, due to effectively higher statistics using the
average of multiple sources. We then conclude that the
discrepancies of V 1SC (r) and V
2S
C (r) appearing in two re-
gions are highly associated with statistical issues on the
quantity of ∇2φΓ/φΓ, particularly for the 2S states. In
other words, the standard errors of V 2SC (r) displayed in
Fig. 4 tend to be underestimated in those regions, where
the systematic uncertainties should be seriously taken
into account.
To settle the above issues, we decide to utilize the
time-dependent method only for the analysis of V 2SC (r),
since it enables us to use the data of the 2S states in
the earlier time range, where the statistical uncertainties
are relatively under control. It is then expected to sup-
press the signal-to-noise ratio on V 2SC (r), and also to re-
duce the hidden systematic uncertainties stemming from
a slight contamination of the 1S state during the aver-
aging process over the time-slice range as we discussed
before. Here, we note that this limited usage of the time-
dependent method does not assume that the BS wave
functions of the 1S and 2S states are generated by the
same potential. We rather assume that the third en-
ergy levels disentangled by the variational method in this
study are associated with the 3S states. In addition, the
nonlocal potential that generates the 3S states is identi-
cal to that of the 2S states.
In Fig. 5, we show a comparison between V 1SC (r) from
the time-independent method and V 2SC (r) from the time-
dependent method. It again should be emphasized that
no adjustment constant is added for comparison. In
the determination of V 2SC (r), a change from the time-
independent method to the time-dependent method al-
lows us to use the data in the earlier time range. As a
result, the time-average procedure was performed in the
range of [tmin/a : tmax/a] = [5 : 11], which contains data
points of the correlation Cα(r, t) at t/a = 4 nearest to
the reference time (t0/a = 3). Recall that there are the
derivative terms of t in the time-dependent method.
The new result of V 2SC (r) using the time-dependent
method fairly agrees with V 1SC (r). Although a remnant
of the discontinuity behavior near the node of the BS
wave functions of the 2S states remains visible, the result-
ing charmonium potential V 2SC (r) exhibits linearly rising
potential at large distances and Coulomb-like potential
at short distances, and is identical to V 1SC (r) within the
current statistical precision.
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FIG. 4: Central (spin-independent) charmonium potentials
calculated from the BS wave functions using the S-wave
ground (1S) states and their first radially excited (2S) states.
For clarity of the figure, the “threshold energy value” 2mQ,
that was encoded in the constant energy shift (EnSave = M
nS
ave−
2mQ), is not subtracted. Note that there is no adjustment
parameter.
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FIG. 5: Central (spin-independent) charmonium potentials
from the time-independent method for 1S states and the time-
dependent method for 2S states. Note that there is no ad-
justment parameter, the same as in Fig. 4.
Finally, we also determine the spin-spin potential from
the BS wave functions of both 1S and 2S states. In
Fig. 6, we compile three results of the spin-spin charmo-
nium potential. Open diamond symbols represent results
of the spin-spin potential from the 1S states, V 1SS (r),
while results from both the time-independent (circles)
and time-dependent (squares) methods are displayed for
the spin-spin potential from the 2S states, V 2SS (r).
The potential V 1SS (r) exhibits a repulsive interaction
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FIG. 6: Spin-spin charmonium potentials from the time-
independent method for both 1S states (diamonds) and 2S
states (circles), and also from the time-dependent method for
2S states (squares).
for spin-triplet states and an attractive interaction for
spin-singlet states with a finite range of r . 0.6 fm,
which is the same as that discussed in Refs [14, 16].
On the other hand, the circle symbols of the potential
V 2SS (r), which are given by the original time-independent
method, reveal a small negative dip in the region 0.3 .
r . 0.4 fm, though the positive part of V 2SS (r) at short
distances should be the dominant contribution of the
finite-range spin-spin interaction.
The presence of the small negative dip makes a small
difference between V 1SS (r) and V
2S
S (r) within the time-
independent approach. However, the dip location is ap-
parently near the node of the 2S wave functions. As
described previously, there is a subtlety in the calcula-
tion of ∇2φΓ/φΓ near the zero of φΓ. Thus, in the case
of the spin-independent central potential, it is found that
an application of the time-dependent method is certainly
effective in the analysis of the 2S states.
Although there was no drastic change from the time-
independent method to the time-dependent method in
the case of the spin-spin potential, the latter result
slightly becomes in agreement with V 1SS (r) within a few
standard deviations. We may conclude that the differ-
ence between V 1SS (r) and V
2S
S (r) is not statistically sig-
nificant. We do not, however, rule out the possibility that
different sizes of the S-D mixing effect on the J/ψ and
ψ(2S) states may lead to some difference in the spin-spin
potential.
Indeed, the present calculation does not take into ac-
count the presence of the tensor interaction in the spin-
dependent potentials, which causes possible partial-wave
mixings except for the PS channel. No significant differ-
ence found in both the central and spin-spin potentials
calculated from the 1S and 2S states suggests that the
possible S-D mixing is not a leading effect for both the
J/ψ and ψ(2S) states.
IV. SUMMARY
We have calculated the BS wave functions for both the
ground and first excited states of the S-wave charmonia
(ηc and ψ mesons) in full lattice QCD. Our simulations
have been carried out with the RHQ action for the charm
quark (Mηc ≈ 2985 MeV and MJ/ψ ≈ 3099 MeV) on
the (2+1)-flavor PACS-CS gauge configurations near the
physical point (Mpi ≈ 156 MeV).
The optimal charmonium operators have been success-
fully obtained for the ground and first excited states of
the S-wave charmonia, using the variational method by
means of a set of basis meson operators that are com-
posed of spatially smeared quark sources with four suc-
cessive smearing radii. We then calculated the BS wave
functions of both the 1S and 2S charmonium states.
Compared with the results of 1S states, the BS wave
functions of both the ηc(2S) and ψ(2S) states exhibit a
specific nodal structure in the radial direction.
Although the orthonormality condition is slightly vi-
olated between the resulting 1S and 2S wave functions,
there is only a slight difference in the profile shapes be-
tween the 2S wave functions obtained before and after
the Gram-Schmidt orthonormalization (GSO). In either
case, it is observed that the 2S wave functions φ2SΓ (r) are
slightly extended in space in comparison to the 1S wave
functions φ1SΓ (r). Indeed, we obtain a relatively larger
spin-averaged value of (rrms)2S ∼ 0.60 fm (before GSO)
and 0.63 fm (after GSO) for the 2S states in comparison
to that of the 1S states, (rrms)1S ∼ 0.38 fm.
We have read off the value of the charm quark mass
from the long-distance asymptotic value of the difference
of “quantum kinetic energies,” ∇2φΓ/φΓ, between the
members of hyperfine multiplets. It is found that the
resulting charm mass is consistent regardless of the choice
of either the ground- or excited-state pairs in the S-wave
charmonia.
Both the spin-independent central [V 2SC (r)] and spin-
spin [V 2SS (r)] parts of the interquark potential deter-
mined from φ2SΓ (r) within the time-independent BS am-
plitude method are basically analogous to those of the
1S states, V 1SC (r) and V
1S
S (r). The large discrepancies
are limited in the particular region, where subtlety is in-
volved in the calculation of ∇2φΓ/φΓ due to the almost
zero value of φΓ that happens near the node of φ
2S
Γ (r) or
at long distances with large statistical uncertainties.
To overcome the statistical issues on φ2SΓ (r), the new
time-dependent BS amplitude method was applied only
for the analysis of both V 2SC (r) and V
2S
S (r). The
spin-independent central potential V 2SC (r) is identical to
V 1SC (r) within the current statistical precision, while the
discrepancy between the spin-spin potentials, V 1SS (r) and
V 2SS (r), still remains more or less visible near the node
location.
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Although we do not rule out the possibility that differ-
ent sizes of the S-D mixing effect on the J/ψ and ψ(2S)
states may lead to some difference in the spin-spin po-
tential, the difference between V 1SS (r) and V
2S
S (r) is not
statistically significant. Therefore, our results suggest
that the possible S-D mixing, which is assumed to be
negligible in our current analysis, is not a leading effect
for both the J/ψ and ψ(2S) states.
We thus conclude that a universal interquark potential
and a unique quark mass can be simultaneously defined
in a series of the BS amplitudes from the ground state
to excited states. What this means is two-fold: (1) it
ensures the reliability of the time-dependent approach
in the BS amplitude method for the QQ¯ system, and
(2) it strongly supports the validity of the potential de-
scription for the charmonium system, at least below the
open-charm threshold.
We plan to extend our research to determine all spin-
dependent potentials including the tensor and spin-orbit
forces and also intend to take into account the S-D mix-
ing effect on the J/ψ and ψ(2S) states in future analysis.
Acknowledgments
We thank the PACS-CS Collaboration for making
their (2+1)-flavor gauge configurations available through
ILDG/JLDG. Numerical calculations reported here were
partially carried out on the COMA (PACS-IX) system at
the CCS, University of Tsukuba, and LX406Re-2 at the
Cyberscience Center, Tohoku University.
[1] E. Eichten, K. Gottfried, T. Kinoshita, J. B. Kogut,
K. D. Lane and T. M. Yan, The Spectrum of Char-
monium, Phys. Rev. Lett. 34, 369 (1975); 36, 1276(E)
(1976).
[2] S. Godfrey and N. Isgur, Mesons in a relativized quark
model with chromodynamics, Phys. Rev. D 32, 189
(1985).
[3] T. Barnes, S. Godfrey, and E. S. Swanson, Higher char-
monia, Phys. Rev. D 72, 054026 (2005).
[4] G. S. Bali, QCD forces and heavy quark bound states,
Phys. Rep. 343, 1 (2001).
[5] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Effective
field theories for heavy quarkonium, Rev. Mod. Phys. 77,
1423 (2005).
[6] Y. Koma, M. Koma, and H. Wittig, Nonperturbative
Determination of the QCD Potential at O(1/m), Phys.
Rev. Lett. 97, 122003 (2006).
[7] Y. Koma and M. Koma, Spin-dependent potentials from
lattice QCD, Nucl. Phys. B769, 79 (2007).
[8] A. Laschka, N. Kaiser, and W. Weise, Charmonium po-
tentials: Matching perturbative and lattice QCD, Phys.
Lett. B 715, 190 (2012).
[9] N. Ishii, S. Aoki, and T. Hatsuda, The Nuclear Force
from Lattice QCD, Phys. Rev. Lett. 99, 022001 (2007).
[10] S. Aoki, T. Hatsuda, and N. Ishii, Theoretical foundation
of the nuclear force in QCD and its applications to central
and tensor forces in quenched lattice QCD simulations,
Prog. Theor. Phys. 123, 89 (2010).
[11] Y. Ikeda and H. Iida, The antiquark-quark potential from
Bethe-Salpeter amplitudes on lattice, Proc. Sci. LAT-
TICE2010 (2010) 143.
[12] Y. Ikeda and H. Iida, Quark-antiquark potentials
from Nambu-Bethe-Salpeter amplitudes on lattice, Prog.
Theor. Phys. 128, 941 (2012).
[13] T. Kawanai and S. Sasaki, Interquark Potential with Fi-
nite Quark Mass from Lattice QCD, Phys. Rev. Lett.
107, 091601 (2011).
[14] T. Kawanai and S. Sasaki, Charmonium potential from
full lattice QCD, Phys. Rev. D 85, 091503 (2012).
[15] T. Kawanai and S. Sasaki, Heavy quarkonium potential
from Bethe-Salpeter wave function on the lattice, Phys.
Rev. D 89, 054507 (2014).
[16] T. Kawanai and S. Sasaki, Potential description of char-
monium and charmed-strange mesons from lattice QCD,
Phys. Rev. D 92, 094503 (2015).
[17] C. Michael, Adjoint Sources in Lattice Gauge Theory,
Nucl. Phys. B259, 58 (1985).
[18] M. Lu¨scher and U. Wolff, How to calculate the elastic
scattering matrix in two-dimensional quantum field the-
ories by numerical simulation, Nucl. Phys. B339, 222
(1990).
[19] S. Sasaki and T. Yamazaki, Signatures of S-wave bound-
state formation in finite volume, Phys. Rev. D 74, 114507
(2006).
[20] M. Go¨ckeler, H. A. Kastrup, J. Westphalen, and F. Zim-
mermann, Scattering phases on finite lattices in the bro-
ken phase of the four-dimensional O(4) φ4 theory, Nucl.
Phys. B425, 413 (1994).
[21] J. Liang, Y. Chen, W. F. Chiu, L. C. Gui, M. Gong, and
Z. Liu, Wave functions of SU(3) pure gauge glueballs on
the lattice, Phys. Rev. D 91, 054513 (2015).
[22] W. E. Caswell and G. P. Lepage, Reduction of the Bethe-
Salpeter equation to an equivalent schrodinger equation,
with applications, Phys. Rev. A 18, 810 (1978).
[23] N. Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue,
K. Murano, H. Nemura, and K. Sasaki (HAL QCD Col-
laboration), Hadron-hadron interactions from imaginary-
time Nambu-Bethe-Salpeter wave function on the lattice,
Phys. Lett. B 712, 437 (2012).
[24] K. Nochi, T. Kawanai, and S. Sasaki (to be published).
[25] S. Aoki et al. (PACS-CS Collaboration), 2+1 flavor lat-
tice QCD toward the physical point, Phys. Rev. D 79,
034503 (2009).
[26] A. X. El-Khadra, A. S. Kronfeld, and P. B. Mackenzie,
Massive fermions in lattice gauge theory, Phys. Rev. D
55, 3933 (1997).
[27] S. Aoki, Y. Kuramashi, and S. i. Tominaga, Relativistic
heavy quarks on the lattice, Prog. Theor. Phys. 109, 383
(2003).
[28] Y. Kayaba, S. Aoki, M. Fukugita, Y. Iwasaki, K. Kanaya,
Y. Kuramashi, M. Okawa, A. Ukawa, and T. Yoshie´ (CP-
PACS Collaboration), First nonperturbative test of a rel-
ativistic heavy quark action in quenched lattice QCD, J.
High Energy Phys. 02 (2007) 019.
12
[29] Y. Namekawa et al. (PACS-CS Collaboration), Charm
quark system at the physical point of 2+1 flavor lattice
QCD, Phys. Rev. D 84, 074505 (2011).
[30] S. Gu¨sken, A study of smearing techniques for hadron
correlation functions, Nucl. Phys. Proc. Suppl. 17, 361
(1990).
[31] C. Alexandrou, S. Gu¨sken, F. Jegerlehner, K. Schilling,
and R. Sommer, The static approximation of heavy-light
quark systems: A systematic lattice study, Nucl. Phys.
B414, 815 (1994).
[32] F. Berruto, T. Blum, K. Orginos, and A. Soni, Calcu-
lation of the neutron electric dipole moment with two
dynamical flavors of domain wall fermions, Phys. Rev. D
73, 054509 (2006).
[33] D. Mohler and R. M. Woloshyn, D and Ds meson spec-
troscopy, Phys. Rev. D 84, 054505 (2011).
[34] S. Sasaki, Lattice Study of Exotic S = +1 Baryon, Phys.
Rev. Lett. 93, 152001 (2004).
[35] In Ref. [22], for QED bound states such as positronium
or muonium, the reduction of the Bethe-Salpeter equa-
tion in quantum field theory to an equivalent Schro¨dinger
equation in quantum mechanics was discussed in a sys-
tematic perturbation series. The wave functions and the
interaction kernel are, however, described in momentum
space rather than in coordinate space.
[36] If it is not the case, the quark kinetic mass obtained
from Eq.(10) and the interquark potentials determined
from Eqs. (11) and (12) may just have the dependence of
the choice of either the ground- or excited-state.
[37] International Lattice Data Grid/Japan Lattice Data
Grid, http://www.jldg.org.
[38] It is reminded that masses of 1P -charmonium states (χc0,
χc1 and hc) in the current set-up are fairly consistent with
the experimental values, as studied in Refs. [14, 16].
[39] The P -wave DD∗ and D∗D¯∗ threshold energies are de-
termined as 3.973(12) GeV and 4.133(17) GeV with the
measured D∗ meson mass [MD∗ = 2.022(8) GeV] in
our calculation. These are much above our results of the
ηc(2S) and ψ(2S) masses.
[40] For the S-wave states, we simply use a relation of∑
r |φn,Γ(r)|2 = 4pi
∫
dr|un,Γ(r)|2 and then perform one-
dimensional numerical integration in r space by both the
Simpson 1/3 formula and the trapezoid formula in this
study.
